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A NOTE ON “SPACES OF TOPOLOGICAL COMPLEXITY ONE”
RAMANDEEP SINGH ARORA
Abstract. Here we give a reformulation of a key lemma in the paper [2], “Spaces of
Topological Complexity One”, which is necessary due to an oversight.
1. Introduction
The topological complexity TC(X) of motion planning, introduced by M. Farber in [1],
is a numerical homotopy invariant which measures the discontinuity of motion planning
in the space X .
This note emerged out while reviewing the research paper [2] as a part of my MS-thesis
on topological complexity. Lemma 3.3 in [2] consists of two parts in which the second
is proved using the first. It can be seen that the statement of the first part is not valid
for n ≥ 4. Thus the proof given in [2] has a flaw. In addtion, the second part of the
lemma plays a key role in proving the main result of [2]. However, it is important to note
that statement of the second part is correct and thus the main result of the paper is still
worthy of praise. In this note we are going to describe the problem in the proof of the
lemma, give a direct proof of the second part and show that with a simple modification
the first part can be corrected.
2. Oversight in the Lemma
Let X be a topological space and k be a field. Let H∗(X ; k)⊗n denote the n-fold
tensor product H∗(X ; k) over k. Suppose a ∈ H∗(X ; k). Let ai denote the element
1⊗ · · · ⊗ 1 ⊗ a⊗ 1 ⊗ · · · ⊗ 1 of H∗(X ; k)⊗n where a is at the ith position and |a| denote
the degree of the cohomology class a in H∗(X ; k).
Suppose a, b ∈ H∗(X ; k). Due to the graded product on H∗(X ; k)⊗n, we have
aibj =
{
1⊗ · · · ⊗ 1⊗ a⊗ 1⊗ · · · ⊗ 1⊗ b⊗ 1⊗ · · · ⊗ 1 if i ≤ j
(−1)|a||b|(1⊗ · · · ⊗ 1⊗ b⊗ 1⊗ · · · ⊗ 1⊗ a⊗ 1⊗ · · · ⊗ 1) if i > j.
where a and b are at the ith and jth position respectively. Moreover, we have
aibj = (−1)
|a||b|bjai.
2010 Mathematics Subject Classification. 55M30.
Key words and phrases. Topological complexity.
1
2 RAMANDEEP SINGH ARORA
Lemma 2.1. (Lemma 3.3 in [2]) Suppose we have a, b ∈ H∗(X ; k). With the above
notation, for n ≥ 2 we have
(1) (a1 − a2)(a1 − a3) · · · (a1 − an) ≡ (−1)
n(a⊗ 1− 1⊗ a)⊗ a⊗ · · · ⊗ a
modulo terms in the ideal of H∗(X ; k)⊗n generated by the elements a2 ⊗ 1⊗ · · · ⊗ 1 and
a⊗ · · · ⊗ a⊗ 1. Consequently, we have
(b1 − b2)(a1 − a2)(a1 − a3) · · · (a1 − an) ≡ (−1)
n+1(b⊗ a+ (−1)|a||b|a⊗ b)⊗ a⊗ · · · ⊗ a
modulo terms in the ideal of H∗(X ; k)⊗n generated by the elements a2 ⊗ 1 ⊗ · · · ⊗ 1,
ba⊗ 1⊗ · · · ⊗ 1, and 1⊗ ba⊗ 1⊗ · · · ⊗ 1.
Counter example:
Let us observe the equation (1) for the case n = 4.
(a1 − a2)(a1 − a3)(a1 − a4) ≡ (a1 − a2)(−a1a4 − a3a1 + a3a4)
as a21 = a
2 ⊗ 1⊗ 1⊗ 1
(a1 − a2)(a1 − a3)(a1 − a4) ≡ a1a3a4 + a2a1a4 + a2a3a1 − a2a3a4
as a1a1a4 = a
2⊗1⊗1⊗a and a1a3a1 = (−1)
|a|2a2⊗1⊗a⊗1 are multiples of a2⊗1⊗1⊗1.
Moreover, a2a3a1 = a⊗ a⊗ a⊗ 1 which is a generator of the ideal. Thus
(a1 − a2)(a1 − a3)(a1 − a4) ≡a1a3a4 + a2a1a4 − a2a3a4
≡a⊗ 1⊗ a⊗ a + (−1)|a|
2
a⊗ a⊗ 1⊗ a− 1⊗ a⊗ a⊗ a
≡(−1)4(a⊗ 1− 1⊗ a)⊗ a⊗ a + (−1)|a|
2
a⊗ a⊗ 1⊗ a
In the above equation we have an extra term (−1)|a|
2
a⊗ a⊗ 1⊗ a which clearly doesn’t
lie in the ideal generated by a2 ⊗ 1⊗ 1⊗ 1 and a⊗ a⊗ a⊗ 1. Thus the statement of the
first part of Lemma 3.3 in [2] is not correct.
Oversight in the proof:
Let Ik be the ideal ofH
∗(X ; k)⊗n generated by a2⊗1⊗· · ·⊗1 and a⊗· · ·⊗a⊗1⊗· · ·⊗1,
wherein the latter term we have (k − 1) occurrences of a. Firstly, we observe that the
ideal Ik+1 ⊂ Ik.
The incorrect step in the proof is the inducting step. By induction hypothesis we have
(a1 − a2) · · · (a1 − ak) ≡ (−1)
k(a⊗ 1− 1⊗ a)⊗ a⊗ · · · ⊗ a⊗ 1⊗ · · · ⊗ 1 mod Ik,
where both the terms have (k − 1) occurrences of a. Using the above equation we have
((a1 − a2) · · · (a1 − ak))(a1 − ak+1)
≡(−1)k((a⊗ 1− 1⊗ a)⊗ a⊗ · · · ⊗ a⊗ 1⊗ · · · ⊗ 1)(a⊗ 1⊗ · · · ⊗ 1)
−(−1)k((a⊗ 1− 1⊗ a)⊗ a⊗ · · · ⊗ a⊗ 1⊗ · · · ⊗ 1)(1⊗ · · · ⊗ 1⊗ a⊗ 1⊗ · · · ⊗ 1)
mod Ik. When we modulo this expression with the ideal Ik+1 the first part of the expres-
sion ((a ⊗ 1 − 1 ⊗ a) ⊗ a ⊗ · · · ⊗ a ⊗ 1 ⊗ · · · ⊗ 1)(a ⊗ 1 ⊗ · · · ⊗ 1) vanishes but we may
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get some extra terms since Ik+1 ⊂ Ik. Thus
(a1 − a2) · · · (a1 − ak+1) 6≡ (−1)
k+1(a⊗ 1− 1⊗ a)⊗ a⊗ · · · ⊗ a⊗ 1⊗ · · · ⊗ 1 mod Ik+1.
3. Reformulation of the Lemma
Now we are going to give an alternate proof of the second part of the lemma and then
move on to give a modification of the first part of the lemma.
Lemma 3.1. Suppose we have a, b ∈ H∗(X ; k). For n ≥ 2 we have
(b1 − b2)(a1 − a2)(a1 − a3) · · · (a1 − an) ≡ (−1)
n+1(b⊗ a+ (−1)|a||b|a⊗ b)⊗ a⊗ · · · ⊗ a
modulo terms in the ideal of H∗(X ; k)⊗n generated by the elements a2 ⊗ 1 ⊗ · · · ⊗ 1,
ba⊗ 1⊗ · · · ⊗ 1, and 1⊗ ba⊗ 1⊗ · · · ⊗ 1.
Proof. A term in the expression (b1− b2)(a1−a2)(a1−a3) · · · (a1−an) will be of the form
(2) (−1)ǫ bjai1 · · · ain−1
where j ∈ {1, 2}, ik ∈ {1, k + 1} for k ∈ {1, . . . , n− 1} and ǫ ∈ Z.
If a1 occurs twice in the expression (2), then the term itself is a multiple of a
2⊗1⊗· · ·⊗1.
Thus we can assume a1 occurs atmost once.
Let us assume bi = b1. If a1 comes in the expression (2), then the term itself is a
multiple of ba⊗ 1⊗ · · · ⊗ 1. Thus we can assume a1 doesn’t occur in the expression and
hence the only expression possible is (−1)n−1b1a2a3 · · · an. Similarly, if we assume bi = b2,
then the only expression possible is (−1)n−1b2a1a3 · · · an since a1 can occur atmost once.
Therefore we get
(b1 − b2)(a1 − a2)(a1 − a3) · · · (a1 − an) ≡ (−1)
n−1(b1a2a3 · · · an + b2a1a3 · · · an)
modulo terms in the ideal of H∗(X ; k)⊗n generated by the elements a2 ⊗ 1 ⊗ · · · ⊗ 1,
ba⊗ 1⊗ · · · ⊗ 1, and 1⊗ ba⊗ 1⊗ · · · ⊗ 1. 
Lemma 3.2. Suppose we have a ∈ H∗(X ; k). For n ≥ 2 we have
(a1 − a2)(a1 − a3) · · · (a1 − an) ≡ (−1)
n(a⊗ 1− 1⊗ a)⊗ a⊗ · · · ⊗ a
modulo terms in the ideal of H∗(X ; k)⊗n generated by the elements a2 ⊗ 1⊗ · · · ⊗ 1 and
a⊗ a⊗ 1⊗ · · · ⊗ 1.
Proof. A term in the expression (a1 − a2)(a1 − a3) · · · (a1 − an) will be of the form
(3) (−1)ǫ ai1 · · · ain−1
where ik ∈ {1, k + 1} for k ∈ {1, . . . , n− 1} and ǫ ∈ Z.
If a1 occurs twice in the expression (3), then the term itself is a multiple of a
2⊗1⊗· · ·⊗1.
Thus we can assume a1 occurs atmost once.
Let us assume ai1 = a2. If a1 comes in the expression (3), then the term itself is a
multiple of a⊗a⊗1⊗· · ·⊗1. Thus we can assume a1 doesn’t occur in the expression and
hence the only expression possible is (−1)n−1a2a3 · · · an. Similarly, if we assume ai1 = a1,
then the only possible expression is (−1)n−2a1a3 · · · an since a1 can occur atmost once.
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Therefore we get
(a1 − a2)(a1 − a3) · · · (a1 − an) ≡ (−1)
n(a1a3 · · · an − a2a3 · · · an)
modulo terms in the ideal of H∗(X ; k)⊗n generated by the elements a2 ⊗ 1⊗ · · · ⊗ 1 and
a⊗ a⊗ 1⊗ · · · ⊗ 1. 
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